
 

 
 

(22)   3.*   Tangent Line; Vertical Tangent Line  
And Corner(B) 

 

Example 1 
60   October 31 ,  2011 
 ( 4 points ) Let ݂ሺݔሻ = ଻/ଷݔ −  ଵ/ଷ . Find all the point on the graph of  ݂ at whichݔ7
       (a) the tangent line is horizontal  
       (b) the tangent line is vertical . 

Solution ݂ሺݔሻ = − ଻/ଷݔ ሻݔଵ/ଷ ݂\ሺݔ7 = 73 − ସଷݔ 73 ଶଷିݔ = 73 ଶݔଶଷሺିݔ − 1ሻ = 7ሺݔଶ − 1ሻ3ݔଶଷ  H. T at      ݔଶ − 1 = 0           → ݔ              = ±1 V. T at      ݔଶଷ = 0                   → ݔ               = 0    
 

Example 2 51   November 24, 2008

Show that  ݂ሺݔሻ = |sin ,|ݔ  has a corner in ൫– ,ߨ  ൯ߨ

Solution ݂ሺݔሻ =  ൝ sin ݔ If 0 < ݔ < 0ߨ If ݔ = 0− sin ݔ If ߨ− < ݔ < 0    
݂\ሺ0ିሻ =   lim௫→଴ష      ݂ሺݔሻ − ݂ሺ0ሻݔ − 0 =  lim௫→଴ష      − sin ݔ − ݔ0 − 0  =  lim௫→଴ష      − sin ݔݔ = −1 ݂\ሺ0ାሻ =  lim௫→଴శ      ݂ሺݔሻ − ݂ሺ0ሻݔ − 0 =  lim௫→଴శ      sin ݔ − ݔ0 − 0 = lim௫→଴శ     sin ݔݔ  = 1 

           ∴   ݂\ሺ0ିሻ  ≠  ݂\ሺ0ାሻ ∴ ݂ has a corner  at  ݔ = 0  ,   ݅݊ ሺ– , ߨ  ሻߨ
 

Example 3 52   April 9, 2009 A

Show that the graph of ݂ ሺݔሻ = ݔଶଷݔ − 1 has a vertical tangent line 

Solution ݂ሺݔሻ = ݔଶଷݔ     − 1           , ݔ ≠ 1    
݂\ሺݔሻ =   ሺݔ − 1ሻ ∙ 23 ଵଷିݔ  − ݔଶଷሺݔ  − 1ሻଶ  = ଵଷିݔ    ቀ23 ሺݔ − 1ሻ − ݔቁሺݔ  − 1ሻଶ = 23 ሺݔ − 1ሻ − ݔଵଷሺݔݔ  − 1ሻଶ   lim௫→଴   ݂\ሺݔሻ =  ∞   ∵   ݂  cont.   at  ݔ = 0 ∴ ݂ has a vertical tangent line  at  ݔ = 0   
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Example 4 23   April 27,2000

Let ݂ሺݔሻ = ݔݔ + 1  Find all x at which the tangent line to the  

 graph of  f  is Parallel to the line  4ݕ − ݔ − 3 = 0 
Solution ݕ4      :ܮ − ݔ − 3 = 0               ݉ =  14  ݂:        ݂ሺݔሻ = ݔݔ + 1        ݂\ሺݔሻ =  ሺݔ + 1ሻ − ݔሺݔ  + 1ሻଶ  =  1ሺݔ + 1ሻଶ     ∴ 1ሺݔ + 1ሻଶ =   14 

              ሺݔ + 1ሻଶ = ݔ                    4 + 1 = ±2 
ݔ               + 1 = 2          or        ݔ + 1 =  −2 
               ∴ ݔ   = 1          or        ݔ =  −3 
 

Example 5 31   June 5, 2008

Find equations of the lines of slope  −4  that are tangents to the curve ݕ =  .ݔ1
Solution     ݕ = \ݕ  ݔ1 = ଶݔ1−    ∴ ଶݔ1−    = ଶݔ         4−  = ݔ          14 = ± 12      ∴ ݔ =  − 12             or   ݔ =  12     ∴ ݕ =  −2              or   ݕ = 2 ∴   ݉ = ଵ݌           4−  ൬− 12 , −2 ൰            ݌ଶ ൬12 , 2൰  

ݕ               ଵݕ − = ݉ሺݔ − ଵܮ ଵሻݔ ∶ ݕ       + 2 =  −4 ൬ݔ + 12൰  
ݕ               + ݔ4 + 4 = ଶܮ    0 ∶ ݕ     − 2 =  −4 ൬ݔ − 12൰ 

ݕ               + ݔ4 − 4 = 0 
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Homework 
 

1 
47   November  10, 2007 A 

Let ݂ሺݔሻ = ସଷݔ  + ଵଷݔ4 − 2  

 Find the point on the graph of  f  at which the tangent line is vertical 

2 
32    August  02, 2008 
Find the ݔ − coordinate of the point where the tangent line to the curve ݕ = ሺ2ݔ − 1ሻଵଷ + ଶݔ + 7 is vertical. 

3 Show that  f  has vertical tangent at ݔ = 0   ݂ሺݔሻ = ሺݔ + 3ሻ√ݔయ  

4 
21   May 27. 2001 
Let ݂ሺݔሻ = 2 + ଶݔ√ − 1.య  
Show that the graph of ƒ has a vertical tangent at the point ሺ 1 , 2 ሻ. 

5 

28   January 13. 2007 

Let ݂ሺݔሻ = 38 ሺ8 − ݔ ଶଷ . Find theݔଶሻݔ − coordinate of the point at which the 

tangent line to the graph of  ݂ is horizontal and the ݔ − coordinate of the point at 
      which the tangent line to the graph of  ݂ is vertical. 

6 
29    June 4. 2007 

Let ݂ሺݔሻ = ଶݔଵଷሺݔ − 3ሻଵଷ . Find the ݔ − coordinate of the point at which the 
tangent line to the graph of  ݂ is horizontal and the ݔ − coordinate of the point at 
      which the tangent line to the graph of  ݂ is vertical. 

7 
50   November 17, 2008 A  
Let ݂ሺݔሻ = ହଷݔ  − ଶଷݔ5 +  1 Find the x-coordinates of the points at which the graph  

of  f   has       (a) a horizontal tangent line     (b) a vertical tangent line. 

8 
Find the point on the graph of  ݂  which the slop of the tangent line is 3 where   ݂ሺݔሻ = ݔ2 −  ݔ1

9 
6  April 8,  1993 
Find the values of ܽ , ܾ and ܿ  so that the graph of the equation  ݕ = ଶݔܽ + ݔܾ + ܿ , 
passes  through the origin and point ሺ 1 , 1ሻ and its tangent line has slop 3 
at the point ሺ 1 , 1ሻ 
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Homework 
 

10 Let   ݂ሺݔሻ = ଶݔ ܽ − ݔ12 + 8 . Find all values of a such that the tangent  Line to the 
graph of  ݂ at  ݔ = 3  is parallel to the line  ݕ − ݔ6 + 1 = 0 

11 Let  ݂ሺݔሻ = ݔ2 sin ݔ + ݔ + 1  show that there is a point P on the graph of  ݂  at which  
the tangent line is parallel to the straight line ݕ − ݔ2 + 1 = 0 

12 Prove that the line tangent to the curve  ݕ = ݔ + ଶݔ2 − ସ   at the point ሺ−1ݔ4 , 0ሻ  
is also tangent to the  curve at the point ሺ 1 , 2ሻ 

13 Show that  ݂  has a corner at ݔ = 0  ;   ݂ሺݔሻ = ൝2ݔ if ݔ ≤ ଶݔ0 if ݔ > 0 

14 
Given  ݂ሺݔሻ = ଶݔ + ݔ cos ݔ − 1  Use the intermediate value theorem to show that 

there is a real number c between − π2 and 0 such that ݂\ሺܿሻ = 0 

15 Let  ݂ሺݔሻ = ଷݔ + ଶݔ −  Use the intermediate value theorem to show that there is a  ݔ
point on the graph of  f  at which the tangent line is  horizontal 

16 

58   7April 2011 
[ 3 pts. ] At what points on the curve ݕ = ݔ − ݔ1 + 1 

     is the tangent line parallel to the line   ݔ − ݕ2 = 2 ? 

17 

37   June 6, 2010 

Let ݂ሺݔሻ = ሺݔ − 3ሻଶଷݔ − 1  

     (a) Find the ݔ −coordinate(s), if any , of the point(s) on the curve ݕ = ݂ሺݔሻ where the 
            tangent line is vertical  
     (b) Find the ݔ −coordinate(s), if any , of the point(s) on the curve ݕ = ݂ሺݔሻ where the 
            tangent line is horizontal  

18 Show that  ݂  has a corner at  ݔ = 2   ;  ݂ሺݔሻ = ݔ| − 2| + 5 

19 
35    August 15, 2009 
Find equations of the lines passing through the origin and tangent to the curve  ݕ = ଶݔ + 1 
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